Here we describe a Gauss decomposition of the Yangian Y (gl m|n ) of the general linear Lie superalgebra. This gives a connection between this Yangian and the Yangian of the classical Lie superalgebra Y (A(m − 1, n − 1)) defined and studied in papers by Stukopin. We also show that the coefficients of the quantum Berezinian generate the centre of the Yangian Y (gl m|n ). This is a conjecture of Nazarov dating back to 1991. Such Gauss decompositions have already been studied for the Yangian Y (gl n ) in papers by Brundan and Kleshchev, and Crampé, as well as for the super-Yangian Y (gl 1|1 ) in the work of Jin-fang Cai,
Introduction
The Yangian Y (gl m|n ) is the Z 2 -graded associative algebra over C with generators {t (r) ij | 1 ≤ i, j ≤ m + n; r ≥ 1} and defining relations [t (r) ij , t where i is the parity of the index i, and we write square brackets for the super-commutator. We take i = 0 for i ≤ m; and i = 1 for i ≥ m + 1. We define the formal power series t ij (u) = δ ij + t t ij (u) ⊗ E ij (−1) . The extra sign ensures that the product of two matrices can still be calculated in the usual way). Then, as for the Yangian Y (gl n ) (see for example [2, 5, 14] ), the defining relations may be expressed by the matrix product
where
and P 12 is the permutation matrix: P 12 = m+n i,j=1 E ij ⊗ E ji (−1) j . We also have the following equivalent form of the defining relations:
[t ij (u), t kl (v)] = (−1) i j+i k+j k (u − v) (t kj (u)t il (v) − t kj (v)t il (u)).
( 1.3)
The Yangian Y (gl m|n ) is a Hopf algebra with comultiplication
antipode S : T (u) → T (u) −1 and counit ǫ : T (u) → 1. Throughout this article we observe the following notation for entries of the inverse of the matrix T (u):
.
A straightforward calculation yields the following relation in Y (gl m|n ):
[t ij (u), t The Yangian Y (gl m|n ) was introduced in [15] . It has applications in mathematical physics because it describes symmetry in integrable systems such as gl m|n -color Calogero-Sutherland models [1, 12] , superstrings in AdS 5 × S 5 [11] , and in the hierarchy of a form of the non-linear super-Schrödinger equation with m bosons and n fermions [4] . Vladimir Stukopin [17, 18] has also introduced Yangians for classical simple Lie superalgebras.
In this article we provide a new presentation for the Yangian Y (gl m|n ) that allows us to relate it to the Yangian Y (sl m|n ) studied by Stukopin. This follows a similar treatment of the Yangians Y (gl N ) in [2, 6] , and Y (gl 1|1 ) in [3] .
Filtrations
We may define two different filtrations on the Yangian Y (gl m|n ). These are defined by setting the degree of a generator as follows:
deg 2 (t (r) ij ) = r − 1. Let gr 1 Y (gl m|n ) and gr 2 Y (gl m|n ), respectively, denote the corresponding graded algebras.
The Poincaré-Birkhoff-Witt Theorem for Super Yangians
In this section we prove the Poincaré-Birkhoff-Witt theorem for the Yangian Y (gl m|n ). The proof is based very closely on that of the corresponding theorem for Y (gl N ) given in [2] .
The map π : t ij (u) → δ ij + E ij (−1) i u −1 defines a projection from the Yangian Y (gl m|n ) onto the universal enveloping algebra U (gl m|n ).
For each positive integer l ≥ 1, we define a homomorphism
Theorem 1. Suppose we have fixed some ordering on the generators t (r)
ij (1 ≤ i, j ≤ m + n; r ≥ 1) for the Yangian Y (gl m|n ). Then the ordered products of these, containing no second or higher order powers of the odd generators, form a basis for Y (gl m|n ).
Proof. 1 By relation (1.1), the graded algebra gr 1 Y (gl m|n ) is supercommutative, and thus the set of all ordered monomials in the generators t (r) ij (with no second and higher order powers of the odd generators) span the Yangian Y (gl m|n ). It remains to show that they are linearly independent.
We show that, for every l ≥ 1, the corresponding monomials in {κ l (t (r) ij ) | 1 ≤ r ≤ l} are linearly independent in κ l (Y (gl m|n )). Consider the filtration
ij to be of degree 1. Then the associated graded algebra gr U (gl m|n ) ⊗l is the polynomial algebra on supersymmetric generators
ij is even if i + j = 0 and odd if i + j = 1. The map κ l preserves the filtration on the Yangian given by setting deg 1 (t (r) ij ) = r, and thus defines a homomorphism between the corresponding graded algebras. It is enough to show that the same monomials in the elements y (r) ij = gr r κ l (t (r) ij ) in the graded algebra are linearly independent. But for this, it is enough to show that the superderivatives dy (r) ij are linearly independent at a point. We have:
We will show that the matrix dφ corresponding to the map dx
has non-zero determinant at a point. It suffices to show that the determinant of this matrix is nonzero even when the variables are specialized to x (s) kl = δ kl c s (−1) k for some distinct c s (s ≥ 1). When the variables are specialized as described, we find:
We show by induction that detX l = Π 1≤i<j≤l (c i − c j ) = 0, and hence detdφ = 0. Indeed, row-reducing X l gives the following matrix:
Now, suppose we have some non-trivial linear combination P of the ordered monomials in t (r) ij (with no second or higher order powers of the odd generators) and take l to be any number greater than all the r that occur in P . Since the monomials in κ l (t (r) ij ) are linearly independent in κ l (Y (gl m|n )), we must have κ l (P ) = 0. Therefore, P = 0 in the Yangian. 
Gauss Decomposition of T (u)
Here we describe a decomposition of the matrix T (u) in terms of the quasideterminants of Gelfand and Retakh [8] . 
By Theorem 4.96 in [8] , the matrix T (u) defined in (1.2) has the following Gauss decomposition in terms of quasideterminants:
for unique matrices
We use the following notation for the coefficients:
It is easy to recover each generating series t ij (u) by multiplying together and taking commutators of the series d i (u), e j (u) := e j,j+1 (u), and f j (v) := f j+1,j (u) for 1 ≤ i ≤ m+n, 1 ≤ j ≤ m+n−1. Indeed, for each pair i, j such that 1 < i + 1 < j ≤ m + n − 1, we have:
Thus the Yangian Y (gl m|n ) is generated by the coefficients of the series
Maps Between Yangians
For Yangians Y (gl m|n ) with small m, n, such as Y (gl 1|1 ) and Y (gl 2|1 ), it is feasible to use this matrix relationship T (u) = F (u)D(u)E(u) to translate the defining relations (1.3) into relations between the generating series d i (u), e j (u) and f j (u). In order to transfer these results to the general case of Y (gl m|n ) we define various homomorphisms between Yangians.
is an associative algebra isomorphism. (Note that we have swapped m and n in the above).
Proof. We check that the map ρ m|n preserves the defining relation (1.3).
Proof. We multiply out the matrix products
This shows that for all 1 ≤ i < j ≤ m + n,
Then immediately we have
By induction on i, we derive:
The result stated in the proposition is the special case of this where j = i + 1.
Finally, let ϕ m|n : Y (gl m|n ) ֒→ Y (gl m+k|n ) be the inclusion which sends each t (r) ij ∈ Y (gl m|n ) to the generator t (r) k+i,k+j ∈ Y (gl m+k|n ); and let ψ k : Y (gl m|n ) → Y (gl m+k|n ) be the injective homomorphism defined by
we have:
As an immediate consequence we have the following lemma.
ψ k (e l (u)) = e k+l (u), and
Notice that the map ψ k sends t
k+i,k+j in Y (gl m+k|n ). Thus the subalgebra ψ k (Y (gl m|n )) is generated by the elements {t
k+s,k+t } n s,t=1 . Then, by (1.5), all elements of this subalgebra commute with those of the subalgebra generated by the elements {t
. This implies in particular that for any i, j ≥ 1, the quasideterminants d i (u) and
We begin by defining a presentation of the Yangian Y (gl 2|1 ) using the Gauss decomposition above. We will then use this to give the more general result in the next section. We use the matrix relationship T (u) = F (u)D(u)E(u) to convert the defining relations (1.3) into relations between the generating series d i (u), e j (v) and f j (v). Note that in the Yangian Y (gl 1|1 ), and in the Yangian Y (gl 2 ), we have the following:
whereas in the Yangian Y (gl 2|1 ),
These expressions for the entries of T (u) allow us to derive the following relations.
Lemma 6.1. We have the following identities in Y (gl 2|1 ):
where unless otherwise indicated the indices i, j, k range over i = 1, 2, 3 and j, k = 1, 2.
Proof. We give a proof of just the first equation (6.3), since the rest are proven similarly. First, note that by the remarks at the end of the previous section, d 3 
Here, we have the matrices T (u), T (v) −1 as in (6.1) and (6.2). By (1.5),
but this is the same as
Cancelling d 2 (v) on the right gives the desired equation when
For the result when i = 2, j = 1, we consider the commutator
and make the same deduction. For the case j = 2, we find the relations
, and map these into the algebra
, e with r ≥ 1, subject only to the following relations:
1 , e
2 , e
1 , e 
2 , e 
1 ] = 0 for all i, l = 1, 2, 3, j, k = 1, 2 and all admissible r, s, t. 
The rest follow from the relations in Lemma (6.1). We show the proof of only (6.6) and (6.9) since the rest are derived similarly.
Observe that for any formal series g(u) = r≥0 g (r) u −r we have the identity
Then, by (6.3),
Taking coefficients of u −r v −s gives (6.6). Now consider (6.4). In the case where j = 1, this expands out as follows: Taking coefficients of u −r v −s on both sides gives the relation (6.9). Now let Y be the algebra defined by the relations in Theorem 2. We have shown that there is an associative algebra homomorphism Y → Y (gl 2|1 ) taking each generator in Y to the quasideterminant coefficient of the same name in the Yangian. By (4.1) these elements generate the Yangian, so this homomorphism is surjective. We will now show that the algebra Y is spanned as a vector space by certain monomials, and that the images of these monomials form a basis for the Yangian Y (gl 2|1 ). It follows that the homomorphism is an isomorphism.
Let e (r) 13 and f We want to show that the algebra Y is spanned by the set of ordered monomials in
2 , e (r) 13 | r ≥ 1}, taken in order some order so that that the f 's come before all the d's, which come before all the e's. It is clear from the relations (6.5), (6.6), (6.7) and (6.8) that the monomials in the above elements, where f 's come before d's and d's come before e's, with the d's taken in some fixed order, do indeed span Y .
So our problem is to show that the subalgebra Y + of Y generated by elements {e
is spanned by the monomials in {e
2 , e (r) 13 ; r ≥ 1} taken in some fixed order, and similarly that the subalgebra Y − generated by elements {f [e
1 , e The final relation is just another extended application of (6.13).
Given these calculations, it is clear that the graded algebra gr L Y + is spanned by the set of all ordered monomials in {e (r) ij } 1≤i<j≤3;r≥1 taken in some fixed order. Hence Y + is itself spanned by the corresponding monomials in {e are identified, respectively, with E ii (−1) i t r , E ij (−1) i t r , and E ji (−1) j t r . Then the result follows from the Poincaré-Birkhoff-Witt theorem for Lie superalgebras.
7 Gauss Decomposition of Y (gl m|n ) Lemma 
The following relations hold in the algebra
[e i (u), e j (v)] = 0 for |i − j| > 1; commute with every element of the set
We have a natural inclusion ι : Y (gl m ) ֒→ Y (gl m|n ), which sends each generator of the Yangian Y (gl m ) to the generator of the same name in the super-Yangian Y (gl m|n ). By the Poincarè-Birkhoff-Witt theorem for super-Yangians, this map is an isomorphism between Y (gl m ) and the subalgebra of Y (gl m|n ) generated by
So we have automatically that this subalgebra is given by the presentation in [2] .
Similarly, the map ψ m−2 provides an injective homomorphism from Y (gl 2|1 ) into Y (gl m|1 ), which gives an injective homomorphism
, respectively. This gives the exact relations between these elements.
Finally, we may compose the natural inclusion ι ′ : Y (gl n|1 ) ֒→ Y (gl n|m ) with the isomorphism ζ n|m : Y (gl n|m ) → Y (gl m|n ), so that the Yangian Y (gl n|1 ) is isomorphic to the subalgebra of Y (gl m|n ) generated by
with exactly the required defining relations.
The Centre of Y (gl m|n )
The quantum Berezinian was defined by Nazarov [15] as the following power series with coefficients in the Yangian Y (gl m|n ):
Recall from [9] that we may also write the quantum Berezinian in the following form.
We shall prove that the coefficients of this formal power series generate the centre of the Yangian. This was a conjecture by Nazarov [15] . 
is obtained by extending the adjoint action. The proof relies on the fact that sl m|n forms a gl m|n -invariant complement to the centre CZ of gl m|n . In the case where m = n this is no longer true, but we have the following proof.
We begin by constructing a convenient basis for S(gl n|n [x]). We consider a copy G of the dihedral group D 2n in the symmetric group S 2n . Recall that D 2n is the symmetry group of a regular n-sided polygon. Here we label the vertices of the regular n-gon by 1, 2, . . . , n on one side and by n + 1, n + 2, . . . , 2n on the other side, so that 1 and n + 1 sit back to back, as do 2 and n + 2, 3 and n + 3, etc. Then the rotations act on the letters 1, 2, . . . , n and n + 1, n + 2, . . . , 2n in the same way, and the reflections flip the polygon over and thereby swap the sets 1, 2, . . . , n and n + 1, n + 2, . . . , 2n completely. This subgroup G is generated by the permutations ρ = (1, 2, . . . , n)(n + 1, n + 2, . . . , 2n); and σ = (1, 2n)(2, 2n − 1) · · · (n, n + 1).
For example, in the case when n = 5, the action of σ = (1, 10)(2, 9)(3, 8)(4, 7)(5, 6) is demonstrated in the diagram below. 
For any τ ∈ G, if we know the value of τ (i) for any i ∈ {1, 2, . . . , 2n} then we know exactly which permutation τ ∈ G must be. So the set {E i,τ (i) | i = 1, . . . , 2n ; τ ∈ G} is a basis for gl n|n . In fact, E i,τ (i) is even if τ = ρ k , and odd if τ = ρ k • σ, for all i, k. So this is an homogeneous basis and the elements E i,τ (i) x r , 1 ≤ i ≤ 2n; r ≥ 0, τ ∈ G form a basis for gl n|n [x], on which we may choose some order. A basis for the supercommutative algebra S(gl n|n [x] ) is formed by the ordered monomials in (E i,τ (i) x r ) d where d = 0, 1, 2, . . . if τ = ρ j for some j and d = 0, 1 if τ = ρ j • σ for some j. In the following, we write π j := ρ j • σ for j = 0, 1, . . . , n − 1.
Suppose Y ∈ S(gl n|n ) is a gl n|n -invariant element and m is the maximal integer such that the element E i,π j (i) x m occurs in Y for some j ∈ {0, 1, . . . , n − 1} and some i ∈ {1, . . . , 2n}. Then Y must be of the form:
where we sum over 2n(n − where w =
We calculate the sum of terms containing E k,π l (k) x m+1 in the lefthand-side of (8.3) for some fixed k, l. Now,
So we find the coefficient of E k,π l (k) x m+1 , where we have shifted everything else to the left, is
for some [2] ) that Y is contained in the subalgebra of S(gl n|n ) generated by the set {Zx r , r = 0, 1, 2, . . .}. 
Proof. Write
We showed in [9] that the coefficients c k are central. It remains to show that they generate the centre. Our proof is based on that of Theorem 2.13. in [14] .
Recall from Corollary 3.1 that the graded algebra gr 2 Y (gl m|n ) defined in Section (2) is isomorphic to U (gl m|n [x]). We show that for any k = 1, 2, . . . , the coefficient c k has degree k − 1 with respect to deg 2 (.) and that its image in the (k − 1)th component of gr 2 Y (gl m|n ) coincides with Zx k−1 . Indeed, if we expand out the expression (8.2) for the quantum Berezinian, using the fact from [8] that
we find
m+n,m+n ) + terms of lower degree.
Then it is clear that the terms with l i = k for some i = 1, . . . , m + n have degree k − 1, and all else have lower degree. Then
m+n,m+n + terms of lower degree. The result follows when we evaluate the image of the graded part of this under the isomorphism in Corollary (3.1).
A Subalgebra of the Yangian
Take µ f as defined as in [14] . In other words, for a formal power series
the map µ f is the automorphism of Y (gl m|n ) given by
Then define a subalgebra of Y (gl m|n ) as follows:
Proof. We assume that m > n. (The result for n < m follows from this by the application of the map ζ). The proof of this result is very similar to that of Proposition 2.16 in [14] . We use the fact, stated there, that for any commutative associative algebra A and any formal series,
and any positive integer K there exists a unique series
We take a(u) = b m|n (u) and K = m−n in the commutative subalgebra Y 0 ⊂ Y (gl m|n ) generated by the elements d By the definition of the map µ f we have that
It follows from the uniqueness of the expansion (9.1) that µ f (b(u)) = f (u)b(u) for all f . Also, the coefficientsb k , (k ≥ 1) of the seriesb(u) generate the centre Z m|n since we may recover the coefficients of the series b m|n (u) from them. The remaining parts of the proof are exactly the same as in [14] .
Lemma 9.2. For any m, n ≥ 0, the coefficients of the series
generate the subalgebra SY m|n .
Proof. It is clear that the coefficients of the series d 1 (u) together with those of the series listed above generate the Yangian Y (gl m|n ). Also, for any f , the map µ f leaves the coefficients of the series in (9.2) fixed and maps
1 , d
1 , . . . and the other generators that are fixed by µ f for all f . We can assume further that in each monomial in P the generators are ordered so that the f i 's. Suppose that P ∈ SY m|n and that R is the maximum r such that d 1 occurring in P for any r. Fix f = 1 + λu −R , where λ is an arbitrary nonzero complex number. Then we can write:
where F a , D a and E a are monomials in the generators fixed by µ f , and we sum over all R-tuples a = (a 1 , a 2 , . . . , a R ) of positive integers not exceeding K. Then
By the linear independence of the different monomials and the fact that λ is an arbitrary complex number, we see that in fact d
10 The Yangian Y (sl m|n )
In this final section we recall the definition of the Yangian Y (sl m|n ) given by Stukopin [17, 18] and show that this algebra is isomorphic to the subalgebra SY m|n of Y (gl m|n ). Stukopin names his Yangian after the series of classical Lie superalgebras A(m − 1, n − 1) and defines it only for the case m = n, since in the case where m = n the Lie superalgebra sl m|n [x] does not have a canonical Lie bi-superalgebra structure. It seems natural to adopt the resulting presentation as a definition for Y (sl m|n ) even in the case m = n (see Proposition 10.1 below).
Recall (from [13] ) that A(m − 1, n − 1) = sl m|n for m = n; m, n ≥ 0; (10.1) A(n − 1, n − 1) = sl n|n / Z , for n > 0, (10.2) where Z is the one-dimensional ideal consisting of scalar matrices λZ, (λ ∈ C). The Lie algebra A(m, n) is the contragredient Lie superalgebra with Cartan matrix A = (a ij )
, where a ii = 2 for all i < m ; a mm = 0 ; a ii = −2 for all i > m ; a i+1,i = a i,i+1 = −1 for all i < m ; a i+1,i = a i,i+1 = 1 for all i ≥ m ; and all other entries are 0.
The special linear Lie superalgebra sl m|n may be defined explicitly by the following presentation [16, 10] . We take generators { h i , x for all 1 ≤ i ≤ m + n − j and all s ≥ 0.
